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I. INTRODUCTION

Let C[—1, 1] denote the space of real valued and continuous functions in
the interval [—1, 1] (endowed with the sup-norm) and let 77, be the subspace
of algebraic polynomials of degree at most » (n > 0). By P we denote a
bounded linear map; P : C[—1, 1} —[I,. Additionally we assume that
P is idempotent (i.e., P? = P). Such an operator P will be called a projection.
The general form of a projection is known (see, e.g., [6]). An important class
of projections are the so-called projections with finite carrier [3] given by the
formula

e

Pf= % 1)y, (.1
PE))
where fe C[—1,1], —1 =<, <t < <t, =<1, and y,ell, (i =0,
l,.... m; m = n). We say that the projection (1.1) is carried by the nodal set
{1;; (i == 0, 1,..., m). The condition P? — P forces the following equalities for
the polynomials y; (see, e.g., [6])

YotFvr) = 1k (k=20,1...n. (1.2)
=0
The so called Lebesgue function
Ap(r) = 3 { yf0)
0

is connected with the above projection P. It is known that |, P . = ' A, [\, .
Let R: C[—1,1]— ], be an arbitrary projection (in particular may be
R = P). The elementary but important inequality

I.fu7 Rf:ll i‘:z:v (1 S Rl)d]St(ﬁ [[/1)
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holds. From this it is obvious that the accuracy of approximation of /by Rf
depends on the norm of the projection R. The quantity bounding from above
the error ' /- Rf ¢, is small if /7 R is small. Hence we see that the informa-
tion on the norm of the projection is very important. it also known [7] that

for the dbove projection Ris! R =+ (2/m%) logn - O(1).
Let X denote the class of all projections from C[ 1, 1] onto [1,. The
projection R & X is called a minimal projection if the inequality | R ‘ R

holds for all R el
Let & be a subclass of X containing the projections of the form (1.1} for
which the symmetry conditions

Pr(x)t) — Pf(- x)—1)  (x.re[—1, 1)) (1.3)

hold. Every such projection will be called a symmetric projection with finite
carrier (SPFQ).

Now we assume that m - #» I

In this note some bounds for the norm of the minimal SPFC P with nodal
set the extrema of the Chebyshev polynomial of the first kind are given.

For simplicity set

/\,, = ;I— ”'1*' lz‘l tan "ai/—lff 7‘3 (l 4)
t; cos \777:--[--] (f 0, 1..... 1 1) (1.5

[t s known [1] that
A, o (2myloga - O(1). (1.6)

The proof of the following theorem is postponed to Section 4.

Treorem 1.1, Let n be an even number (n = 0). Then for the norm of the
minimal SPFC P with nodes {(1.5) the following inequalities hold

A, B A, (1.7)

where A, is given by (1.4). Hence, by virtue of (1.6}, 1 P~ (2/7) log n.

In the proof of this theorem an important role is played by the so-called
operator of de la Vallée Poussin {4] described in Section 2.
2. THE OPERATOR OF DE LA VALLEE PoussiN

For the tuncuon feCl -1, 1] and # - 2 distinct points {7} ( - 7,
1<l <1, 7 1) we denote by A the operator the value of which is the
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nth optimal (in sup-norm) polynomial for the function fon the above set {t;}.
It is known that A is a projection with value given by the formula

n+1

A=Y fity g, (2.1
i=0
where
q; = z; — O
7l
() = (r — 1),
J~0
ntd
Y, = (1, — ). (2.2)
j=b
n+1
O, = (1) P,
3,
n~-1
Foes Yy (1)og, (7= 0. Lo, -+ 1)

i-=0

(see, e.g., [5]).
For the nodes (1.5) the projection 4 may be written in the following
form ([7])

l n+l1

. P2
A = e Y [ U = Toa0)]  23)

(where 7, and U, denote the Chebyshev polynomials of the first and second
kinds, respectively).

3. Tue CONNECTION BETWEEN THE PROJECTIONS A AND P

Recently [5] for the projections A and P the following result was obtained

na1 w1

Afte) == Pfiey = % 0,/(1) 3 sgn B, y,(1) (3.1

i=0 j=0

where the numbers 0, are given by (2.2).
Let the polynomials p; be written in the following way

s =3 sttt (=0, b 2N,

7=0
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Further let =, - sy = y;(0). With the above notations we see that pro-
jection (1.1} is symmetric if

T (i 0, 1.0+ 1) (3.2)
and
Sii Siemaie for /even,
(3.3}
St i for /odd
{/ 0, 1,.... " j 0.1 n 3]
In virtue of (3.3) and the above notations we have

TP P Thag—, ([ = (), j,..., - l) {34)

LEMmA 3.1, If nis even (n - 0) and if the projection P is such that for it
(3.4) holds, then A ,(0) = A,(0) where A is given by (2.1), P is given by (1.1)
(form -~ n - 1)

Proof. From (3.1} and (1.1} it follows that

nil nl ‘ ull1 el )
A0y = ) ')'f(O) — f; Y sgn 6,-)‘,,»(0)' = Y T 0 Y sen b ;
i=0 =0 i=0 i=0 !

From (2.2) we obtain sgn «; = (- 1)+ For # even it follows from (2.2) that
sgn 8, ~ (—1y(j - 0,1,..,n* 1). Hence and from (3.4) is

[/ nil
Y osgnbr; =0 andnow A 0) = Y 7, - A0
i (and)

The above lemma will be used in Section 4.

4. PROOF OF THEOREM 1.1

We prove first the left inequality of (1.7). For # even 7, {{0) = 0 and
S U0) I. Hence in virtue of Lemma 3.1 and (2.3) we have

1

Ap0) = AL0) = (1j(n - 1)) i ity =,

(-0

[t is obvious that the inequality A, . £ holds for every projection satis-
fying the assumptions of the our theorem. In particular we have \, P
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Now we prove the second inequality of (1.7). From (2.3} we see that

projection 4 is a symmetric projection (4 € o). From the definition of a
minimal projection we have || P!| <{!| 4! . In the recent paper [2] the authors
proved that 41" <2 A, L 1. Hence the result.

%)

.
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